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Proof of (2.17) From (2.10) we have with high probability for large n and uniformly in
x and y
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Set V0 = vn(F, — Fx@). From (2.12) and Proposition 2.1, we have, using the Skorohod
construction for (2.12) (but keeping the same notation),
Sup Jan(2,y) — Vi, y)| — 0 as (0.2)
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and
sup [Vao(z,y) — Vo(z,y)| — 0 as. (0.3)
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Set
M(z,y) = Fx(2)G(y)(1 — Fx(z))(1 — G(y))
and
M(z,y) = Fx(2)G(y)(1 — Fx_(2))(1 — G_(y)).

Let 0 < & <  be arbitrary and let §(¢) > 0 be a function of € to be chosen later on, such
that lim.|o 6(¢) = 0. Denote with ¢ and ¢ the d(¢)-th and (1 —4§(e))-th quantiles of Fix,
respectively, and with go., g2 the same quantiles of G. Write S. = (qic, 1c) X (q2e, Goc)-

We have 2
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From (0.3) and (0.2) we now see that the first and second term on the right converge to
0 a.s. The a.s. convergence to 0 of the third term follows from the Helly-Bray theorem.

Set A. = IR*\S.. In view of what we just proved, it is now sufficient for the proof of
(2.17) to show that for large n
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So by the Markov inequality we obtain

(// (;U:y;dFX( )dG(y) > 5)

P [[ Sarsiow = L [[ S S i

1p
< ?// aFx(@)c(y) < 220 <

£

and

<

for §() < &2/20. This is (0.5).
Set B. = A. N ((—o0,my) X (—00,my)), with m; and ms the medians of Fx and G,
respectively. Because of symmetry and because of (2.13) and (2.14), (0.4) follows from

(// FX o dFX( )dG(y) > 5) <e, (0.6)



for large n. Let (Q1,, and ()5, be the empirical quantile functions corresponding to Fy and

G respectively, and set a, = —77. Trivially

QQn(an) an(an) ~

~ ~ a.s. 1 2
< AnFx(Qrn(an))G(Qan(ay)) < 4n (an + —) —0 (n— o0).
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Now assume = > Q1, (ay,), y < Qan(a,) and (z,y) € B.. We have
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Similarly we can deal with the region where z < Q1,(an), ¥y > Qa,(a,) and (z,y) € B..
Set T. = {(z,y) € B: : v < Q1n(an) or y < Qa,(a,)}. We have now shown that

(// Fx dFX( )dGi(y) 2; ) < %6_

So it remains to consider that part of the integral in (0.6) where Q1,(a,) < = < g1
and QZn(an) S Y S mgy, O Q2n(&n) S Yy S q2e and an(an) S x S my. This part of the
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proof is the crucial part. The proof for both regions, however, is rather similar, so we

confine ourselves to studying the integral over the latter region, i.e. we will show

/ / Vnzo dFX( )dG(y) > %5 <
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Because of (0.1) and the fact that (a+b+c+d)* < 4(a®+b*+c*+d?) , it suffices to prove
(0.7) with V, o replaced by ay, (m y & log ") G(y)a(z,00), Fx(x)d, (oo,yi— 10\%%"),
ZCIO\g/ﬁ", respectively. Denote the resulting statements as (0.7a+), (0.7b), (0.7c£), (0.7d).

For (0.7d) we have
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For (0.7b) we see, writing ay,(x) = a,(z, 00),
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Recall that with arbitrarily high probability for large n

In the sequel it will also be used (for n a multiple of three) that Gy can be written as

the average of three dependent empirical df’s, each based on % i.i.d. random variables
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with df G. Hence we can use the well-known properties of classical empirical df’s and
processes, in particular weak convergence of weighted empirical processes and results on
the ratio of the empirical and the true df. For (0.7c+) we obtain ((0.7c—) can be dealt

with similarly)
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Remains (0.7a+) ((0.7a—) can be dealt with similarly). In accordance with the above

we let

n
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and

() =5 (Fune) - Fx60))

Fo(2), Qn(2), ﬁn(g) and a3 are defined similarly. Clearly for (0.7a+) , it is sufficient (use
(a+b+c)* < 3(a®+b*+c?)) to consider ) <:v, Y+ m) instead of a, (x, Y+ M);

n n

Qin(2), Op(3) can be dealt with similarly. So we need to show
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Set
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Observe that

So, with y, =y + %,

) = [ Ex0)Gr 00) — Fx(2)G )

= \/;FX(l)(w)(éﬁx(l)(z)u)(yn) — G(yn))

+\/gG(yn)(FX(1)(I) — Fx(z)). (0.9)

Since Fx(z) < FX(l)(x) < Fx(z)+ 2 for all z, we see similar as for (0.7b), that the latter
term contributes Op(1)d?(¢), to the integral in (0.8), where we used (a+b)? < 2(a®+0?). So
it remains to consider the contribution of the first term. (|%u]/\/%) (Guy(y) — G(y))
is the sequential empirical process based on % i.i.d random variables with df G. Using
the Komlés, Major and Tusnady (1975) Kiefer process approximation of the sequential

empirical process, we have that there exists a Kiefer process K such that

(2] 2) G- - KGO o (1)
Hence o |
et \/g Ex)()(Cy () =~ ) - K(G@?ﬁgxuw

0 (10\’5’;;") . (0.10)

Since \Fx(l)(:p) — Fy(z)| < 2 for all z, we have by the law of the iterated logarithm for

the ordinary empirical process that

A . loglogn
sup |FX(1)(m)—FX(x)|:O< 808 ) a.s.
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Using this, the relation between a Kiefer process and a bivariate Wiener process and

Lemma 1.11.1 in Cs6rgé and Révész (1981) on the oscillations of a bivariate Wiener
process it follows immediately that
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K (G(y). 5 Fxay () = K (G(

‘ - <n1/5) a.5. (0.11)

i \/_ K(2,y))sy, we obtain from F' and G that for a Kiefer process
K

ne ~ 7 a.s. 1
\/;FX(l)(x)(GFX(l)(x)(n(y) - =0 (W) . (0.12)

G(y)) = K(G(y), Fx(x))
Now we turn back to (0.8), and in particular to the first term on the right in (0.9). From

Since (K (z, 5Y))ey

sup
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(0.12) we see that this term can be replaced by K (G(y»), Fx(z)); the remaining O (%)
can be treated as (0.7d) before. So it remains to consider

//K? Fe(@) 1 .
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2
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< sup (G(yn), Fx( 3) 1) G (g20).
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(0.13)

It follows from Corollary 1.12.2 in Csorgd and Révész (1981) that the first term on the
right of (0.13) is Op(1), so the right hand side of (0.13) is Op(1) - §2(¢)

2(g).
Collecting everything we proved for (0.8) and (0.7), we now see that for a proper
small enough choice of §(¢), we indeed proved (0.8) and (0.7)
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