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APPENDIX

For the relative compactness, we need several lemmas. First we present in Lemma 4.1 suf-
ficient conditions for relative compactness; the proof is similar to that of Theorem 15.5 in
Billingsley (1968), see also Neuhaus (1971).

Lemma 4.1. Let P, be probability measures on (D2, Ly). Suppose that, for each positive ),
there exists an M > 0 such that

P,(x € Dy : |2(0,0)| > M) <n, n>1.

Suppose further that, for each positive € and n, there exist a 0, 0 < § < 1, and an integer ng
such that

Po(z € Dy : sup |z (ur,v1) — z(ug,v2)[ > €) <, n=>mno.
|u1—u2|<é,|vi —v2|<d

Then { Py, }n>1 is relatively compact.

Lemma 4.2. Under the conditions of Proposition 4.1, for each ¢, a >0

(i) [ Xin® e ~ N(0,02), with 02 < 2¢, j=1,2,

(ii) P(Sup;>. \W%(t)] >a) <2P(|W(2/c)| > a), j = 1,2, where W is a standard Wiener
process.

Proof. (i) This follows from Proposition 1, page 42, in Shorack and Wellner (1986).



(ii) Let W be a standard Wiener process. Since {W (t)/t,t > ¢} = {W(1/t),t > c}, then

P(sup [W(t)/t| = a) = P( sup |[W(s)| = a) <2P(|W(1/c)| = a).

t>c 0<s<1/c

Write A1p(t) for An([0,1] x [0,00]). Since {Win(t),t > 0} L {W(A1,(t)), ¢ > 0}, then

P(Stgg (Win(t)/t| > a) = P(Stgg W(Axf()g)'f"(t) > a)

<P( sup  |[W(An(t))/An(t)] = a) < 2P([W(2/c)| = a),
Ain(t)=c/2

eventually (since t — 1/k < Ay, (t) <t). For j = 2 the proof is the same. O

Lemma 4.3. Define

H, := sup |Wy, (Cy)+ Z,(0)].
0€[0,7/2]

Then under the conditions of Proposition 4.1, there exists an ng € N such that

sup P(Hp, > a) =0(e ?) as a — 0.

n>ng

Proof. Define Hip = supgcion/a |Wa,(Co) + Zn(0)|, Han = SUDpe(r/ax/2) [Wh, (Co) +
Zn(0)|, and Hgy := [Wy, (Crj2) + Zn(m/2)|. It suffices to verify that there exists an ng € N
such that

sup P(Hjp, >a)=0(e""), j7=1,2,3

n>ng
as a — oo. Here we only check it in case of j = 1. For the other two cases, the proofs are
similar.

Since for all n > 1
(Wi, (Co),0 € [0,7/2]} £ {W(An(C)),0 € [0,7/2]},
with W a standard Wiener process, we have

P(Hi, 2 a) < P(sup |[W(An(Cy))| = a/2) + P( sup [Zn(0)] = a/2)

0e[0,m/4] 0€(0,m/4]
< 2P(|W(An(Crya))l =2 a/2) + P( sup  |Zn(0)] = a/2).
0€0,m/4]

Clearly A, (Cr/4) <1 for all n > 1, and hence sup,,> P(|W (A, (Cr/4))| > a/2) = O(e™?), as
a — 00.

From Einmahl et al. (2001), one has sup,~¢ A(z, 1) < 0o and sup,~¢ A(1,y) < oo. Then by
(4.4) there exists a constant A\g > 0 such that supg., <1 An(z,1) < Ao and supg.,<1 An(1,y) <

2



Ao for large n. Using (4.2) and the fact that A, is a step function, one can prove with some
effort that fl (z,1)dz < 2 and fl n(1,y)dy < 2 for sufficiently large n, hence by the
definition of Zn(H), one has

, ?Slpm 1Zn(0)]
€|0,7
1Wn 1/tan@ Wn n
gxo/l(f’f)dx‘Jer sup tane/ ) d | + A /WQ ‘+2\W2n(1)y
0 T 0€[0,m/4]
1
<[ Winl@) 4| 4 zgsup| V2@ 4y, / de 2| Wan(1)],
0 T z>1 0 €

for sufficiently large n. By Lemma 4.2(i), 1 Wl"(‘r)d and fol W%(x)dx have centered normal
distributions with uniformly bounded variances for all n > 1. By Lemma 4.2(ii) there exists

an ng € N such that

sup P(osup Wi (@)] /& > a/8) < 2P(W(2) > a/(830)) = O(c™*)

n>ng x>

as a — 00. Hence

sup P sup | Zu(6)] = a/2) = O(c™)
n>ng  0€[0,r/4]

as @ — 00. S0 Sup,,>,, P(Hin > a) = O(e™) as a — oo. O
Lemma 4.4. Under the conditions of Proposition 4.1, for each 0 <n < 1/2

Bn(l‘,y) 2
{(WW (ay) € [0.1] }

1s relatively compact.
Proof. By the definition of R1, and Rs,, one has
1
Rin(e,y) = 3k An(lz = k™% 2 + k71/%) x [0, 00])

_ L ([k(x + k)] k(e k-1/5>1>
2 k k

<14+1/EYP <2 if k> 1.
Also Rop(z,y) < 2 for k > 1. Hence it is sufficient to prove
Wr, (z,9)/(xVy)" 2,y € [0, }nz1, {Win(@)/2", 2 € [0,1]3n>1, {Wan(y)/y" y € [0,1]}n>1

are relatively compact. Here we only show the proof of the first one. The proofs of the others

are similar.



Setting 0/0 = 0, by Lemma 4.1 it suffices to prove that for each positive ¢, there exist a
0(0<d<1)and ng € N (nyg may depend on 6) such that

‘WMMﬂxmw_wmmmwmw>
(@ Vg7 (uV o)

z,y,u,v€[0,1]
|z—u|<8,|ly—v|<6

>z~:) <e n>ng.

(4.1) P ( sup

2 (m € N) small squares, say [0,1] x [0,1] =

We partition the square [0,1] x [0,1] into m
Uity UTLy Aij, with A = {(z,y) 0 <z < (i+1)4,j0 <y < (j+1)d}, 6 := 1/m and
i,7=0,1,...,m—1. In order to prove (4.1), it suffices to prove that for each positive &, there

exist a 6 (0 < 6 < 1) and ng = np(d) € N such that

Wi, (10,2] x[0,y]) ~ Wa, ([0, 4] x [0, j0])

m—1m—1
42 P sel<e n>ne
@222 GE (V) GV ) ’5>—6 "=

We consider the case iV j > 1 and the case i = j = 0 separately. Let’s first look at the case
iV j>1. Assume i > j. Let S(z,y) := [0,2] x [0,y]. Note that for (x,y) € Ay

‘WAH([OJJ x[0,y]) ~ Wa,([0,i6] x [O,j5])‘
(

AVENL on(i Vv j)n
_ ’WAn(S<$7 y)) o WAH(S(Z&](S)) ’
an (z6)n
_ [(0)"Wa,, (5(i6, 56)) 4 (6)"Wa,, (S (2, y)\S(id, j6)) — x"W,, (5(id, j0))|
x(id)"
< @)W, (S(z, y)\S(id, j9)) — (2" — (i0)")Wa,, (S(id, 79))|
= (i0)21

(since > id > y). Hence

Wa, (10, ] x [0.9]) Wi, ([0.i8] x [0,53))
P<if vy vy ‘>5>
W, (S(z,y)\S(i0,59)), _ € x — (i0)" o 5
< Ploup | =R > 5) + Pl | Wa (SG8.59)] > 3)
< ap(Wau(S(E+ 1)6,@%’)?7r DO\S(i8.3) Z) n P(I%WM(S(MJ&))I o 3»

Since Ay (S((i41)d, (j+1)5)\S(2d,j0)) < 26+4/k for alliVvj > 1, there exists n, = n.(d) € N
such that k. = k(n.) > 1/6 and hence

An(S((i+1)8, (G + 1)0)\S(i8, j6)) < 65, n > n..

uniformly in i vV j > 1. It follows that (:5)""Wy, (S((i + 1)d,(j + 1)0)\S(id,jd)) has a

normal distribution with mean zero and variance o2 (i, j) satisfying o2 (i, j) < 651727 for all



i> 7,4 >1,and n > n,. Hence for all e > 0

sup sup P(|(i8) "W, (S((i +1)8, (j + D)IN\S(id,59))| > ¢/4) = O(™"")

n>n i>j,i>1
as 0 — 0. On the other hand, note that %WM (S(i6,750)) has a normal distribution
with mean zero and variance &2 (i, j) satisfying 62 (i, j) < (i0)!27((1 4+ 1/i)" — 1)% < 4612
So

(T+1/i)" —

1 -
sup sup P(] Wa, (S(i6,j6))| > £/2) = O(e™>" %)

N> i>j,i>1 (i6)"
as & — 0.
In case of j > 4,7 > 1 and case of i = j > 1, we can get similar results as above. Hence
(4.3)

m—1
sup P | sup

ivi>1 ij

Wi, ([0, 2] x [0, y]) — WA, ([0,i0] x [0,9]) (52,011
(x Vv y)m B on(i Vv g ‘ - 5) =0(57% )

as & — 0.
Now let us look at the case i = j = 0. By Lemma 3.2 (in fact we can replace R by A,, in

that lemma), one has

w 0 0 _
(44) SupP Sup An([ 7x] X [ 7y])‘ > e — O(e_é‘ﬁ 1/2)
n>1  \zvy<s (xVy)n
as 6 — 0.
Since (4.3) and (4.4) imply (4.2), the result follows. O

Lemma 4.5. Under the conditions of Proposition 4.1, for each 0 <n <1

{An(w)

(xVy)

() € o, 112}

n>1
1s relatively compact.

Proof. The proof is similar to that of Lemma 4.4. We use the same notation for A;; and S.
We only need to check that for each positive e, there exist a 6 (0 < § < 1) and ng € N such
that
m—1m—1
(4.5) P (sup
i=0 j=0 Aij

Anlz,y)  An(i6,6)
(xV )T 0(iV j)

>8)§6, n > ng.

<



We consider the case iV j > 1 and the case i = j = 0 separately. Let us first look at the case
iV j>1.In case of i > j, i > 1, note that for (z,y) € A

[An(z,y)/(z V y)" = An(id, j6)/((i6) V (j0))"|

w/4
(&7 (i6)1 M) (Wi, (Co o) + Za(m/2)) — (a7 — (i8)1) / !

cos? 6

———(Wa, (Co) + Z,(0))do

rctany/x

arctany/x 1
j6)1 4% Z
+(16) /arctanj/i cos2 9( An <CG) + n(e))de

w/4 arctan(j+1)/4
< (@ — o)y (14 / (cos8)~2d0 | H, + (i0)'~"H,, (cos 0)~2d0
0

arctan j /i

< (18) (1 4+ 1/8)'" = 1)(1 + 7/2) Hy, + (i8)1 (arctan I aretan Z> 2 H,

i
where H,, is defined in Lemma 4.3. Since (i6)'~"((1+1/4)!77—1) < §1=7 and (id)' =" (arctan %—
arctan%) = O(67") as 6 — 0 and uniformly in i, (i > j,i > 1), then by Lemma 4.3 there
exists ng € N such that for some M > 0

(4.6) SUD, 5y SUD;- 5 11 P(supa,, |An(,1) /(2 V y)" — An(id, j0) /((i0) V (j8))"] > &/2)
< SUP,y5g P(ME TH,, > £/2) < sup,,s,, P(Hy, > 8071/2) = O(e70"7"7)

as § — 0.

In case of j > 4,7 > 1 and case of i = j > 1 we can get a similar result as (4.6). Hence

(4.7) sup Z (sup [ An(z,y)/ (2 v y)" = An(i6, j8)/(i8) V (j&))"] > £) = O3 2"

n2no i1 Bi
as 0 — 0.
Now let’s consider the case i = j = 0 and w.l.o.g. assume y > x. Then for 0 <z <y <§
[An(z,y)/(x V y)"|
arctany/z

vy "W, (Crj2) + Zn(7/2)) + ytn //4 (sin 9)_2(WAn (Cp) + Z(0))do

w/2
<y (w o[ i 6>-2d9> H, < 5817901+ 7/2)H
/4

Hence
(4.8) sup P( sup |An(z,y)/(xVy)"| >¢) = O(e_(s(nfl)/z)
n>ng  xVy<é
as 0 — 0.
Now (4.7) and (4.8) imply (4.5). -
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