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Abstract

This paper establishes some asymptotic results for sums of dependent random variables, in the presence of heavy-tailedne:
conditions. We demonstrate how the derived results can be used to approximate functionals of sums of dependent randon
variables for which the analytic expression is too cumbersome to work with and which are of major importance in actuarial
applications. Numerical illustrations are provided to assess the quality of the asymptotic approximations.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Many quantities of relevance in actuarial science involve sums of dependent random variables. For example, one
may think of the value-at-risk of a stochastically discounted life annuity, or the stop-loss premium for the aggregate
claim amount of a number of interrelated policies. Therefore, distribution functions of sums of dependent random
variables are of particular interest. Typically such distribution functions are of a complex form. Consequently, in order
to compute functionals of sums of dependent random variables, approximation methods are often indispensable.

In case the dependence structure between the elements of the random sum is known, one could use Monte Carl
simulation to obtain empirical distribution functions. However, this is typically a time-consuming approach, in
particular if we want to approximate tail probabilities, which would require an excessive number of simulations.
Therefore, alternative methods need to be explored.
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By now a rich literature is available on the use of conditional expectations and the concembvabronicity to
obtain bounds in convex order for sums of dependent random variables; the interested reader is rétegersto
and Shi (1995), Kaas et al. (2008ndDhaene et al. (2002a,bB)vhile these bounds in convex order have proven to
be good approximations in case the distribution of the random sum is light-tailed or moderately heavy-tailed, they
perform worse when the heavy-tailedness (the volatility, for the (log)normal case) increases; see e.g., Section 4.4
of Dhaene et al. (2002b)

In actuarial applications, it is often merely the tail of the distribution function that is of interest. Indeed, one
may think of (tail-)value-at-risk or expected shortfall estimations. Therefore, approximations for functionals of
sums of dependent random variables may alternatively be obtained through the use of asymptotic relations. Though
asymptotic results are valid infinity, they may as well serve as approximatiessr infinity.

This paper establishes some asymptotic results for the tail probability of sums of dependent random variables,
in the presence of heavy-tailedness conditions. In particular, we establish an asymptotic result for the randomly
weighted sum of a sequence of non-negative humbers. Furthermore, we establish, under two different sets of
conditions, an asymptotic result for the randomly weighted sum of a sequence of independent random variables
that consist of a deterministic and a random component. Throughout, the random weights are products of i.i.d.
random variables and thus exhibit an explicit dependence structure. Next, we present three actuarial applications
that demonstrate how the derived asymptotic results can be employed to approximate certain functionals of sums of
dependent random variables. To explore the quality of the asymptotic approximations, we provide several numerical
illustrations that compare the asymptotic approximation values to Monte Carlo simulated values. For one of the
illustrations, we have also included the approximation results obtained by two other approximation methods based
on comonotonicity and moment matching.

The outline of the paper is as follows: in Sect@rwe introduce some notational conventions and provide some
preliminaries for heavy-tailed distributions. In Secti®nwe present the asymptotic results. Sectigorovides a
first application of the obtained asymptotic results, concerning the evaluation of stop-loss premiums and quantiles
for general stochastically discounted loss reserves. In Sebtiare present a second application that focuses
specifically on IBNR loss reserves. Sectpresents a third application, which considers the problem of setting an
initial provision in such a way that the probabilities of ruin in ygdr= 1, ..., n, are sufficiently small. Numerical
results are presented in SectibriProofs of the theorems and the comonotonic and moment matching approximation
formulas have been gatheredAppendices A and B

2. Preliminaries for heavy-tailed distributions

First we introduce some notational conventions. For a random variableX(mith a distribution function (d.f.)
F, we denote its tail probability by'(x) = 1 — F(x) = P(X > x). For two independent r.v.X andY with d.f’s F
andG supported on-{oo, +00), we write by F « G(x) = f:’;" F(x —t)dG(t), —oo < x < +00, the convolution
of FandG, and byF*" = F x - - - % F then-fold convolution ofF. By F ® G we denote the d.f. ofY.

Throughout, unless otherwise stated, all limit relations arexfer +oco. Let a(x) > 0 andb(x) > 0 be two
infinitesimals, satisfying

_alx) a(x)
I1 <liminf —= <limsup——= < Io.
L= ) T e b() — 2

We writea(x) = O(b(x)) if I2 < 400, a(x) = o(b(x)) if I = 0 anda(x) =< b(x) if both I < 400 andl; > 0. We
write a(x) < b(x) if I = 1, a(x) 2 b(x) if I1 = 1 anda(x) ~ b(x) if both [, = 1 and/; = 1. We say thati(x) and
b(x) are weakly equivalent if(x) < b(x), and say that(x) andb(x) are (strongly) equivalent i(x) ~ b(x).

Arv. X orits d.f. F is said to beieavy-tailed to the right if E[e?X] = 400 for anyy > 0. Below we introduce
some important classes of heavy-tailed distributions. Arisupported on [0+00) belongs to theubexponential
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classS if

F(x)
x—lq-]oo F(x)

)

for any (or equivalently, for some) > 2. More generally, a d.fF" supported on-{oo, +00) belongs to the class
Sif F(x) = F(x)I(x > 0) does, wherd(A) denotes théndicator function, which equals 1 if evert occurs and
0 otherwise. A d.fF supported on-{oo, +00) belongs to thdong-tailed classL if for any real numbety (or
equivalently, fory = 1) we have that

F(x +y) _1

lim
> heo  F(x)

A class of heavy-tailed distributions that is closely related to the claSsesl L, is the classD of d.f’s with
dominatedly varying tails. A d.f. F supported on-{oo, +00) belongs to the clasP if its tail F is of dominated

variation in the sense that

lim sup Fly)

x40 F x)

< 400,

forany O< y < 1 (or equivalently for some & y < 1). It is well-known that

DNLcCScCL.

We remark that the intersecti@n £ contains, many useful heavy-tailed distributions. In particular, the intersection
D N L covers the clasR, which consists of all d.f.'s withegularly varying tails. A d.f. F supported on-{ oo, +00)
has a regularly varying tail if there is sorae> 0 such that the relation

Flxy)
x—+o0 F(x)

’

holds for anyy > 0. We writeF € R_,.

In addition to the classes of heavy-tailed distributions introduced above, we introduce thR classf d.f.'s
with rapidly varying tails, containing both heavy-tailed and light-tailed distributions. For arddupported on
(—o0, +00) satisfyingF(x) > 0 for anyx > 0, F belongs to the clask _ if

lim =
x—+o00 F(x)

F(xy) 0, foranyy > 1;
400, foranyO<y< 1

We remark that the intersectidhn R_, contains, e.g. lognormal distributions and certain Weibull distributions,
which are prominent distributions in actuarial applications. For an elaboration on the classes of heavy-tailed dis-
tributions and the class of rapidly varying tailed distributions, and their applications in insurance and finance, the
interested reader is referredBingham et al. (1987andEmbrechts et al. (1997)

3. Asymptotic results

In this section, we derive some asymptotic results for the tail probability of sums of dependent r.v.'s, in the
presence of heavy-tailedness conditions. In the following, weXgtn = 1,2, ...} and{Y,,,n = 1, 2, ...} denote
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two sequences of i.i.d. r.v.'s that are mutually independent. We &itéor the d.f. of a r.v.X of which X,,, n =

1, 2,..., are considered to be independent replicates, and assume it is supporet o ¢o). Similarly, we write

Fy for the d.f. of ar.v.Y of whichY,,n = 1, 2, ..., are considered to be independent replicates, and assume it is

supported on (0+o0). For notational convenience, we will use the device of independent replicates throughout.
We state the following theorem:

Theorem 3.1. Let Z; = Y1Y2---Y;andO < a; < 400,i =1,2,...If Fy € SN R_wo, thenforeachn =1,2, ...,

P (i a;Z; > x) ~ i]P’(aiZ,' > X). (1)
i=1

i=1

In an actuarial context, as will become apparent in the applications presented in the next sections, the sequence
{a;,i = 1,2...} canberegarded as a sequence of deterministic payments. The following theorem applies to the case
in which the payments consist of both a deterministic and a random component, and the deterministic component
is either an additive or a multiplicative constant. The theorem is an extension of Theorems 5.1 anthb@ arfid
Tsitsiashvili (2003)

Theorem 3.2. Let Z; = Y1Y2---Yiand 0 < a; < +o0,i =1, 2, ... If the following conditions are valid.:

1. FxeDNL,
2. FY S R—oo:

then for eachn =1, 2, .. .,
n n
P (Z(ai + X,‘)Z,’ > x> ~ ZP((CI;’ + X)Z[ > x). (2)
i=1 i=1
Furthermore, for eachn =1, 2, .. .,
n n
P (Z(aix,-)zi > x) ~ > P((@iX)Zi > x). (3)
i=1 i=1

Corollary 3.1. Under the conditions stated in Theorem 3.2we have for eachn = 1, 2, . .. that

n n—1
P (Z(ai +X))Zi > x> —P (Z(a,- + X))Zi > x> ~ P((an + X)Zy > x). (4)

i=1 i=1

Furthermore, for eachn = 1,2, .. .,
n n—1
P (Z(aiX,')Zi > x) —P (Z(aiX,-)Zi > x) ~Pla,XZ, > x). (5)
=1 =1

Corollary 3.2. If condition 1. stated in Theorem 3.2s replaced by “ Fx € R_¢", while the other conditions remain
the same, then for eachn =1, 2, .. .,

P (Z(a,- +X)Zi > x> ~ > Fx(x — a)E[Y*]), (6)

i=1 i=1
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and

P (Zwix,-)zi > x> ~ Fx(x) 3 a? (BLY<))' 7)

i=1 i=1
We remark that the particular case of lognormally distributed payments is not covefidtebyem 3.2since

the lognormal distribution does not belong to the intersecfion £. The lognormal distribution has a moderately
heavy tail and has been a popular model for loss severity distributions. Hence, we state the following theorem:

Theorem 3.3. Relations (2)—(5) remain valid if conditions 1. and 2. stated in Theorem 3.2ire replaced by

1. X follows a lognormal (., 0’)2() law, —00 < ux < +00,0x > 0,
2. Y follows a lognormal (uy, 0)2,) law, —00 < y < +00,0y > 0,
3/. ox > Oy.

4. Application 1: general stochastically discounted loss reserves

In this section, we consider the problem of determining stop-loss premiums and quantiles for general discounted

loss reserves. We denote by the real-valued¥;from the i.i.d. sequencgX;,i =1, ..., n} thenet loss in yeatri.
Furthermore, we denote by the positive YMromthei.i.d. sequende;, i = 1, ..., n}thepresent value discounting
factor from yeari to yeari — 1. The two sequencdX;,i = 1,...,n} and{Y;,i =1, ..., n} are considered to be

mutually independent. B
Thediscounted loss reserve S,, is given by

n i
So=>_ xi[[v (8)
i=1  j=1

Henceforth, weimpose th&a{ S, I(S, > 0)] < +oo, whichis equivalent to the conditions tH{tx /(X > 0)] < +oo
andE[Y] < +o0. Then thestop-loss premium of the discounted loss reserve is

- 400 _
B -dul= [ B0 dek. ©
d
Furthermore, the-quantile of the discounted loss reserve is
inf{s : F5 (s) > p}, p € (0,1). (20)

Approximate values for expressio(®) and(10) can be obtained by using the previously obtained asymptotic
results. In particular, i andY satisfy the conditions of heorems 3.2r 3.3, then for sufficiently large values of
d, expressior{9) can be approximated by

B n +oo n i
E[(S, — d)+] ~ Z/ Felr ,@ds=>"E||x]]v,—4d . (11)
i=1 d =17 i=1 j=1

+

Since the d.f. o H;Zl Y; willgenerally not be analytically tractable, Monte Carlo simulation may still be required.
However, the number of simulations has been reduced by a facted]/2n.
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IncaseFy € R_q, 0 < @ < +00, andFy € R_o, the asymptotic approximation for expressi@reduces to

~ +0° n . — n .
E[(S, —d)+] ~ /d D EIYD Fx(s)ds = > (E[Y)'E[(X — d)+]. (12)
i=1

i=1

Furthermore, in this case for sufficiently large valueg,dhe asymptotic approximation for express{@f)is given
by

inf{s : F3 (s) > p} ~inf {s : Xn:(E[Y“])iIFX(s) <1l- p} . (13)

i=1

Under the conditions ofheorem 3.3for sufficiently large values g, the asymptotic approximation for ex-
pression(10)is given by

inf{s : F5 (s) > p} ~ inf {s : foni L) <1- p} . (14)
j=1

i—1 !

We emphasize that the approximatidmt) is not in general valid under the conditionsTdieorem 3.2it requires
the additional condition thaky € R_o, 0 < & < o0, since in that case alsB; € R—_, (and in which casg14)
reduces tq13)).

As an example, we considéf; ~ Paretog, ) and Y; ~ lognormal(:, 02), i = 1, ..., n, where Parete( )
refers to the Pareto distribution with d.f.

Fx(x) =1— <1+;>_a, x>0,

with @ > 0 andg > 0. Then clearlyFx € R_, and Fy € R_~. Therefore, the asymptotic approximatiofi)

and (13) are valid. Notice that for the example under consideration, the asymptotic approximations can even be
computed analytically! We performed Monte Carlo simulations for both expresé®ramd (10) to assess the
quality of the asymptotic approximatio(ik2) and(13), under various specifications of the parametérhe results

are presented ifable 1

5. Application 2: IBNR loss reserves

In this section, we focus specifically on the discounted loss reserves for claims aireanlsedbut not yet
reported (IBNR). We letthe rv.&;;, i, j = 1,...,t, denote the claim figures associated with year of origind
developmentyegrwhich are reportedin calendar yéar j — 1, and we letcorrespond to the last observed calendar
year. For {, j) combinations with + j <t + 1, X;; concerns an observation, whereas fofX combinations with
i+ j>t+1,itconcerns a future (incurred but not reported) claim. We consider annual development, although the
methods can easily be extended to semi-annual, quarterly or monthly development, and we assume, without loss
of generality, that the time it takes for the claims to be completely reported, i.e., the total number of developments
period for a complete run-off, is equal to

Remark 5.1. IBNR reserves need to be set up for claims that are expected to exist but of which the insurer has
not been notified as yet. In the same context, there are also RBNS reserves for claimsraipeahdbut not yet
settled. Other acronyms are IBNFR, IBNER and RBNFS, where the “F” is for “Fully” and the “E” for “Enough”.
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In the following, we assume that the r.v3g;, i, j =1,...,t, can be expressed as products of a deterministic
component and an i.i.d. random component. In particular, we consider the following model:
X,’j = Cl,'jL,'j, I ] =1,...,1 (15)
inwhichL;;, i, j=1,...,t,areiid. rv'sand;; > 0,i, j =1,..., ¢, are positive numbers.

A simple example of the model i{15)is the well-known loglinear regression model, given by
logX =RB+5, &~ N(0,02I),

whereX = (X11, ..., X1, X21, ..., X211, . . ., X,1) is the vector of historical claim figureg,= (81, - - -, B,)' is
a vector of parameterR is the regression matrix of exogenous model variables of dimem@ignl)/2 x p, L'is
the identity matrix, N{, -) denotes the normal distribution an@ > 0 is unknown but fixed.

A well-known and widely applied linear predictor within the loglinear regression model is efthe-ladder
type, given by

RRB)ij = nij = o + Bj, (16)

in whicha; is a parameter for the year of origimndg; for development yegt Notice that one of the parameters,
for exampleS1, must be set equal to zero, in order to have a non-singular regression matrix.
Theaccumulated IBNR reserve S; is given by

t t
S;IZ Z a,'jL,'j. (17)

i=2 j=t+2—i

IBNR reserving entails the determination of {hesent value of the future losses. One of the subproblems in this
respect is the discounting of the future losses in the run-off triangle, where interest rates and inflation are not known
for certain. As in the previous example, we will incorporate stochastic present value discounting factors. We let the

positive r.v.Y; fromthei.i.d. sequenddy, k =1, ..., ¢t — 1} denote the present value discounting factor from year
to yeark — 1 and consider the two sequengés;, i =2,..., ¢, j=t+2—i,...,t}and{Y;,k=1,...,t —1}to
be mutually independent. For notational convenience, we introduce the posit&ie£vY1Ys - - - Y,k =1, ..., —

1. Then theliscounted IBNR reserve S, is given by
t t
S; = Z Z aijLijZiy j—1—1. (18)
i=2 j=t42—i

Henceforth, we impose tha@[S;] < +oc. Approximate values for stop-loss premiums and quantilesSfaran
be obtained by using our derived asymptotic results. In particuldf;jfi =2,...,1,j=t+2—1i,...,t} and
{Yr,k=1,...,t— 1} satisfy the conditions cfheorems 3.2r 3.3, then for sufficiently large values af

E(S —d)]~> > ayE (LZi+j—z—1 - ad> ] ' (19)
ij/ 4

i=2 j=t+2—i
Furthermore, if eitheFy € R_,, 0 < o < +00, andFy € R_,, Or the conditions oTheorem 3.Zpply, then for
sufficiently large values qf,

t t
. . = N
inf{s: F5 (s) > p} ~inf {s: E E FrLz ;01 (m) <1l-—p>,. (20)
Ly

=2 j=t4+2—i
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Suppose we consider a loglinear regression model with chain-ladder linear predictor to describe the random
claims and we use a geometric Brownian motion with drift to represent the stochastic discount factors. We remark
that for this specificatioTheorem 3.3applies. Furthermore, for this specification the produgs; ;_;—1,i =

2,....t;j=t+2—1i,...,tare lognormal and therefore the present value of the IBNR reserve becomes a linear
combination of dependent lognormal r.v.’s, given by
t t
Z Z +ﬁj+£,'j—D(i+j—t—l)’ (21)
i=2 j

with &;; ~ i.i.d. N(0, 0?) and
D(i) = D1+ ---+ D; = i + £B(), (22)

in which B(i) is a standard Brownian motion,is a constant rate of interest and the volatifiig a positive constant.

Remark 5.2. Inthis illustration, we start with a given set of parameters and define the reserve as expréxkethin

areal reserving exercise, one has to build an appropriate statistical model based on the claims in the run-off triangle
and to estimate the parameters from this model. This estimation process would introduce a second component of
prediction variance, besides the process variance, namely the estimation variance. The discounted IBNR reserve
would then be defined as

i zt: ghitBytey—Dlitj—1-1)

i=2 j=1+2—i

inwhicha; + Bj is the maximum likelihood estimate ef + §;. In the current illustration, for reasons of simplicity,
the estimation variance is left out of consideration.

It is well-known that stop-loss premiums and quantiles of a lognommaif) r.v. X are given by

02
Eux—d»]=en(u+-2)¢wn—d®w», (23)

and
Fil(p)=e o0 pe(0.1), (24)

respectively, where

w + o2 —log(d)
G 9

di =

dp =dy — o,

and®(-) denotes the d.f. of a standard normal r.v.
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Hence, the asymptotic approximatiqi9)and(20)can be computed quasi-analytically. We chogse- 3, u =
—0.07, £ = 0.2 andr = 5 and use the following chain ladder parameters:

o1 11 B1 0

o2 1.6 B2 —-0.42
a3 | = | 1.9 |, B3| =] —0.38
o4 2.1 Ba -0.87
o5 2.2 Bs —0.96

In Table 2we numerically compare the asymptotic approximations with Monte Carlo simulated values.

In Kaas et al. (200Qconditional expectations and the comonotonic copula are used as tools to construct bounds
in convex order for sums of dependent r.v.s, whose marginal distributions are known, but with an unknown or
complicated joint distribution. We say that a &dis smaller than a r.\¥ in convex order if, for any convex function

0
E[f(X)] = E[f(7)].

We write X < Y. Hoedemakers et al. (2008xtend the approach #faas et al. (2000)p sums of scalar products

of independent r.v’s and apply it to the problem of IBNR reserving. In particular, with the notation introduced
above, they show that the discounted IBNR reséivean be approximated by a convex lower and a convex upper
bound given by

t t

$/=>_ Y ElajZijalAIE[Ly], (25)
i=2 j=rt2—i
and
t t
SE=2_ D Faz, A OFLV), (26)
i=2 j=t+2—i

respectively, in which\ is a conditioning r.v. independent of the vectdi (. . ., Z,_1), the r.v.sU, V are uniformly
distributed on (0,1), and, V and A are mutually independent. The following relations hold:

Svf <cx St <cx S? (27)

We will refer to this approximation method as thenonotonic approach.

Another approximation method that we will consider is based on moment matching techniques. Moment matching
is frequently used to approximate the d.f. of a sum of dependent lognormal r.v.’s; sééaduffel et al. (2004)
Moment matching means in this case that the unknown d¥. isfapproximated by a lognormal d.f. in such a way
that the first moments are preserved. The first two moments of a lognqumad)r.v. X are

E[X] = e+ /2°  and E[x?] = 4127,
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Expressing the parametgrsando? of the lognormal distribution in terms of the momeR{st] andE[ X?] leads to

E[X]? E[X?]
n = log (W) and o2 = log (E[X]Z) . (28)

Hence, the d.f. of the r.\§, can be approximated by a lognormal distribution with first two mom¢8itsand(38)
calculated irAppendix B The coefficientg. ando? of the lognormal moment matching approximation follow from
(28). Approximations for the stop-loss premiums and quantiles are then givéipgnd(23).

Dufresne (2002pbtains a lognormal limit distribution fa§; as the volatility tends to zero, which provides a
theoretical justification for the use of the lognormal moment matching approximation.

Numerical results of the comonotonic and moment matching approach have been includdeir2 We
refer to Appendix Bfor further details concerning the calculation of the stop-loss premiums and quantiles for
these two approximation methods. The numerical results demonstrate that the asymptotic approximation values
generally outperform the comonotonic upper bound and the lognormal moment matching approximation. Because
the comonotonic lower bound performed remarkably bad, its values were left out of the table.

6. Application 3: the hurdle race problem

In this section, we consider the problem of setting the initial provision such that a sequence of future payments
can be met for a given investment strategy, under a certain bound on the confidence levelSy\@elette the
provision at time 0. We assume it is invested such that in yiégenerates a continuously compounded stochastic
return represented by the r&; from the i.i.d. sequencér;,i =1, ..., n} with common d.f.Fg supported on
(—o00, +00). Furthermore, we let the r.\X; from the i.i.d. sequencéX;,i =1, ..., n} with common d.f.Fx
supported on-£oco, +00) represent the total net payment to be met in yiedle consider the two sequences
{X;,i=1,...,n}and{R;,i =1, ..., n} to be mutually independent. Then the provision accumulated until the end
of yearn can be characterized by the discrete time stochastic prégess= 1, 2, .. ., which satisfies the recurrence
equation

Sy
So=x, Sy= ;1—X,,, n=12..., (29)

n

with Y, = exp(~R,),n=1,2,...
As a first approach, the initial provisic§ could be chosen such that the probability of a non-negative provision
at the end of a finite time interval within which all payments take place, is sufficiently large. Formally, this gives

Sg = inf{So : P(S, > 0|So) > 1— ¢}, (30)

for ¢ sufficiently small. It is not difficult to verify that expressi¢B80) can be rewritten as

n i
Sg=inf{ So: P Zx,-Hngso >1—cp. (31)
i=1 =1
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Notice that expressiof81) equals the usual definition of a (pseudo-)inverse distribution function of the random sum
>im1 Xi [1}=1 ¥; evaluated in I- ¢. Itis obvious that analytic expressions for the distributiop §f ; X; [T}, ¥;
are typically rather involved. We leave it to the reader to verify that approximate valug§ t@n be obtained by
using the asymptotic results of Sectidn

A more stringent approach requires the initial provision to be chosen such that the probability of ruin within a
finite time interval is sufficiently small. In that case the initial provision is defined as

So = inf{So : ¥(So, n) < &} =inf{So : #(So, 1)+ - - - + $(So. n) < &}, (32)

for ¢ sufficiently small, where as usual

Y(x,n) =P(@nf{k=1,2,...: 8 <0|Sg=x} <n), n=0,1,...
and

o(x,n) =P(>inflk =1,2,...: 8 <0]Sg = x} =n), n=12,...

We will adopt a more sophisticated approach that requires the probability that ruin occurs exactly: ito year
bounded from above by some constant = 1, ..., n. In fact, the surplus process can be regarded to establish a
“hurdle race” of taking successfully the “non-negative surplus hurdle” at the end of each year; séanalgtiel
et al. (2003)Hence, the initial provision is defined as

St =inf{So: ¢(So.) < eri=1....n}, (33)

for ¢; sufficiently small. Notice that in the above expression for the initial provision, the bounds on the probabilities
of ruin in yeari are allowed to be time-dependent. Indeed in practice, when a sequence of payment obligations is
to be met over a period of time, the intermediate occurrence of a negative surplus will not in general be fatal, since
intermediate adjustments to the provision are typically feasible. It may be natural to let the bounds on the probability
of ruin in yeari to be decreasing in

As an example we considéf; ~ lognormalfty, 0)2() andY; ~ lognormal{cy, cr,z,), i=1,...,n,and consider
the insurance risk to be heavier than the financial risk i.e., ox > oy. In that case, approximate values for
expressior{33) can be obtained b¥heorem 3.2&nd the asymptotic equalif$). In particular, for sufficiently small
valuesg;, the right-hand-side of expressi@@i3) can be approximated by

i
inf{So: ¢(So.i) < eii=1....n}~infS So:P|X][[¥;> S| <eni=1....n}. (34)
j=1

We choose: = 5 and

e1 0.005
£ 0.004
es | = | 0.003
ea 0.002

&5 0.001
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Numerical results for the asymptotic approximation and for Monte Carlo simulated values are presented in
Table 3

7. Numerical results

For the various quantities under consideration, the tables that we present below display the Monte Carlo
simulated values (“Real”), the approximations obtained by the different approximation methods presented, as
well as their absolute deviation (Diff.) and their relative deviation (RDiff.) from the Monte Carlo simulated
values.

Table 1
Numerical results of Application 1, Sectign
d Real Appr. Diff. Rdiff. (%) p Real Appr. Diff. Rdiff. (%)
n=3
15 1.50 1.36 a4 9 0.95 16 14 2 15
20 1.28 1.19 ®m9 7 0.975 25 22 3 11
25 1.14 1.07 m7 6 0.99 44 41 3 7
30 1.03 0.98 m5 5 0.995 69 66 3 4
35 0.95 0.91 m4 4 0.999 198 194 4 2
40 0.88 0.85 ®m3 4
50 0.78 0.76 ®m2 3
60 0.71 0.70 m2 2
80 0.61 0.61 m1 1
100 0.55 0.54 [()]0] 1
150 0.44 0.44 o 0
200 0.38 0.38 [()]0] 0
n=>5
20 2.22 1.89 B3 15 0.95 24 19 5 22
30 1.75 1.56 a9 11 0.975 36 30 6 17
40 1.48 1.35 a3 9 0.99 63 57 6 10
60 1.18 1.11 m7 6 0.995 96 90 6 6
80 1.01 0.96 ®m5 5 0.999 274 265 9 3
100 0.90 0.86 m4 4
150 0.72 0.70 m2 3
200 0.62 0.61 m1 2
250 0.56 0.55 m1 2
300 0.51 0.50 m1 2
n =10
40 291 241 ®0 17 0.95 40 28 12 30
60 2.22 1.98 @4 11 0.975 58 45 13 23
80 1.86 1.72 a4 7 0.99 98 84 14 14
100 1.62 1.54 8 5 0.995 148 133 15 10
150 1.28 1.26 m2 2 0.999 402 390 12 3
200 1.09 1.09 [()]0] 0
300 0.87 0.88 —0.01 -1
400 0.74 0.75 —0.01 -1

Notes: “Real” vs. approximate values of stop-loss premiums and quantiles for Pareto claim sizes and lognormal present value discounting factors.
Fixed parameter values:= 1.5, 8 = 1, u = —0.04,0 = 0.10 and 5,000,000 simulations.
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Table 2
Numerical results of Application 2, Sectién
Real Appr. 1 Appr. 2 Appr. 3 Diff. 1  Diff. 2 Diff. 3 Rdiff. 1 (%) Rdiff. 2 (%) Rdiff. 3 (%)
d
7500 18680 17716 25411 22776 964 —6731 —4096 5.2 —36.0 —-219
10000 17435 16581 24592 21658 854 —7157 —4223 49 —410 —24.2
15000 15687 14969 23336 19984 718 —7649 —4297 4.6 —488 —274
20000 14467 13831 22378 18741 636 —7911 —4274 4.4 —54.7 —295
25000 1350 12958 21600 17752 582 —806.0 —4212 4.3 -595 —-311
30000 12797 12254 20944 16934 543 —8147 —4137 4.2 —-637 —-323
40000 11657 11167 19876 15633 490 —8219 —3976 4.2 —705 -341
50000 10804 10348 19024 14622 456 —8220 —3818 4.2 -76.1 —353
75000 933 8925 17436 12805 408 —8103 —3472 4.4 —86.8 -37.2
100000 83% 7974 16002 11549 382 —7646 —-3193 4.6 -915 —382
150000 70% 6730 14378 9853 355 —7293 —2768 5.0 —1029 —39.1
200000 6262 5920 13235 8717 342 —697.3 —2455 5.5 —-1114 —39.2
250000 566 5334 12608 7882 331 —6943 —2217 5.8 —1226 —39.1
300000 5207 4884 11904 7231 322 —6697 —-2024 6.2 —1286 —389
400000 453 4226 10818 6268 313 —627.9 —-1729 6.9 —1383 —381
500000 406 3759 10002 5577 306 —5937 —-1512 7.5 —1461 —37.2
p
0.95 8650 7863 4814 7555 787 3836 10959.1 443 127
0.975 17000 15868 12436 17296 1132 4564 —296 6.7 263 -1.7
0.99 38957 37496 37490 45306 1461 1467 —6349 3.8 3.8 —16.3
0.995 70795 68885 79477 87283 1910 -8682 —16488 2.7 -123 —233
0.999 257090 253021 374188 337364 4069-117098 —80274 1.6 —455 —-312

Notes: “Real” vs. approximate values of stop-loss premiums and quantiles for chain-ladder claim sizes and lognormal present value discounting
factors. Fixed parameter values: = 3, u = —0.07, £ = 0.2, 7 = 5 and 50,000,000 simulations. “Appr. 1" refers to the asymptotic approxi-
mation, “Appr. 2" to the convex upper bound and “Appr. 3" to the lognormal moment matching approximation. The figures displayed in bold
correspond to the best approximations, i.e., the ones with the smallest relative deviation from the Monte Carlo simulated values.

Table 3

Numerical results of Application 3, Sectién

oy Real Appr. Diff. Rdiff. (%)
0.2 8633 8298 335 4

0.7 25610 24494 1116 4

Notes: “Real” vs. approximate values of initial provisions for lognormal net payments and lognormal present value discounting factors. Fixed
parameter valuegty = 0,0y = 3, uy = —0.07,n = 5 and 10,000,000 simulations.

8. Concluding remarks

We derived some asymptotic results for the tail probability of sums of dependent random variables under spe-
cific heavy-tailedness conditions. We showed how to apply the obtained results to approximate certain functionals
of sums of dependent random variables. For some cases, the asymptotic results provide us with analytic (!) ap-
proximation formulas, while for the other cases they lead to a substantial reduction of the number of simulations
to be performed. Our numerical results demonstrate that the asymptotic approximations are typically close to
the Monte Carlo value. For the “tail functionals” considered, the asymptotic approximations considerably outper-
form the approximations obtained by two other approximation methods based on comonotonicity and moment
matching.
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Appendix A. Proofs

Proof of Theorem 3.1. To prove the theorem, we first restate a result fitang and Tsitsiashvili (2004)

Lemma A.1. Let F1, F»> and G be three d.f.'s. Suppose that F:(x) > O for any real number x, F;(0)G(0) = 0,
i=12,and G € R_co. If F1(x) ~ F2(x), then

F1® G(x) ~ F2 ® G(x). (35)
Then, we proceed with the proof @heorem 3.1Clearly,
n
P (Z a;Z; > X> =P(Y1(a1 + Yo(az + - - - + Yy-1(an-1 + an¥y))) > x).
i=1
SinceFy € £ anda, > 0, we have that
Pla,—1+ ay ¥y > x) ~ P(a, Y, > x).
Hence, applyindemma A.1we obtain that
]P(Yn—l(an—l + anYn) > x) ~ IP)(anYn—lyn > x)'
Repeatedly applyingemma A.1 we finally obtain that
P(Y1(a1 + Ya(az + - - + Yy—1(an-1+ an¥y))) > x) ~ P(@, Y1Y2- - - Yy—1Yy > X).
For the remainder of the proof it suffices to verify that the probabilifiesZ; > x),i =1,2,...,n — 1, on the
right-hand side of1) can be neglected when compared with the probaliiity, Z, > x). Since the clas® _ is

closed under product convolution, the d.f. of the proqt{(}gl Y; belongs to the clasR _, for eachi = 1,2, ...
Hence, foreach=1,2,...,n — 1 and some G v < 1,

P (ai M1 > X) P (ai MY, > x)
lim sup lim sup ,
x—>+00 P (a,, [Tj-1Y; > x) x—>+o00 P (ai [[j=1Y) > vx, (@n/ai) [1}=ipa ¥i > 1/v>
1 ]P’(a,'H;:]_Yj>x)

= lim sup :
P ((an/ai) =i > 1/v) x—>+400 P (ai [Tj=1Y; > vx)

A

=0.

This proves thafl) holds.
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Proof of Theorem 3.2. To prove the theorem, we first state three lemmas. The first lemma can easily be proved
by Lemmas 3.8 and 3.10 d&ng and Tsitsiashvili (2003)

Lemma A.2. Let X and Y be two independent r.v.'s, where X is supported on (—oo, +00) with a d.f. F, and Y
is strictly positive with a d.f- G. Let V = XY and denote by H the d.f. of VIf F e DN L and G € R_w, then
HeDNLCSand

H(x) < F(x).

The second lemma can be proved by Lemma 3.Taofy and Tsitsiashvili (2003)

Lemma A.3. If F € Dand G € R_w, there exists some ¢ > 0 such that
G(xY%) = o(F(x)).

The third lemma can be obtained by fixipg= 0 in Lemma 3.2 offang and Tsitsiashvili (2003)

Lemma A4, Let F = F1 * F», where Fy and F> are two d.f.'s supported on (—o0, +00). If F1 € S, F> € L, and
Fo(x) = O(F1(x)), then F € S and

F(x) ~ F1(x) + Fa(x).
Now to finish the proof offheorem 3.2first we prove(2), which says that

Pl(ar + X1)Y1+ -+ (an-1+ Xn—1)Yn-1... Y1+ (an + Xp)YnYn—1... Y1 > x]
~Pllar + X1)Y1 > x] + -+ Pl(ap-1+ Xp-1)Vp-1... Y1 > x] + P[(an + X))V Yy—1... Y1 > x].

Applying Lemma A.2 we see that the produet{+ X,)Y, is subexponential and

Pl(an + Xu)Yn > x] < F(x). (36)
Applying Lemma A.4yields

Pl(an—1+ Xy-1) + (an + X))y > x] ~ Pl(an—1 + Xn-1) > x] + Pl(an + X,)Y, > x].
Since, byLemma A.3 there exists some> 0 such thatG(x1~¢) = o(F(x)), we have that

Pl(an—1+ Xn—1)Yn_1+ (an + X))V Y1 > x]

xl=e +00
(/0 _|_/17£ > Pl(an—1 + Xn-1)y + (an + X,)Yny > x]dG(y)

1-¢
X

/ p [<a,1_1 X 1) + (an + X)Y > } 4G () + o(F(x))
0 y

1-¢

~ /O ' (IP’ {(an_l + Xp1) > ﬂ +P {(a,, + X)), > ’;]) dG(y) + o(F(x))

_ ( / L / +°°) (P [(anl X)) > } +P [(an XY, > XD 4G(5) + o(F(x)
0 x1-¢ y y
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= Pl(an_1+ Xn_1)Yu_1 > x] + P[(an + X,)YaYn_1 > x] + o(F(x))
~Pllan—1+ Xn-1)Yn—1 > x] + Pl(a, + X,)Y,Y—1 > x].

Furthermore, by application dfemmas A.2andA.4, it follows that @,_1 + X,—1)Yu—1 + (an + X,) Y, Y1 IS
subexponential and that

Pllan—1+ Xn-1)Yn—1+ (an + X))V, Vo1 > x] < F()C)

Simply repeating the procedure above and observing that
(an—Z + Xn—Z)Yn—Z + (an—l + Xn—l)Yn—lYn—Z + (an + Xn)YnYn—lYn—Z
= [(an—2+ Xp—2) + (an-1+ Xu—1)Yn—1+ (an + Xu) YV Yu_1]Vs—2,
we obtain that
P[(an72 + Xn72)Yn72 + (anfl + anl)Ynlen72 + (an + Xn)YnYnlen72 > x]
~Pllan—2 + Xn—2)Yn—2 > x] + Pl(an—1+ Xpn_1)Yn_1Ys—2 > x] + P[(ay + X;,)Y, Y _1Y,—2 > x].

Hence, repeating the procedure abave 1 times yields the announced res{#). The proof of(3) can be given
completely analogously to the above, since the distributian Xf satisfies

P(a; X; > x) = f(x/ai) = F(x),

and is subexponential. This ends the prooTbh&orem 3.2
Proof of Corollary 3.1. Using(36), one can easily verify that

iminf £z + X)Zi > x)
r=too p (ZZ:]EL(a, + X)Z; > x)

and that

lim inf P (Zi=1(aiXi)Zi > x) .
P (XD Zi > x)

Hence, we can prov@l) and (5) by substituting(2) and(3) into the left-hand-side of4) and (5), respectively.
This ends the proof of Corollary 3.1.

Proof of Corollary 3.2. Given the asymptotic resul{®) and(3), the proof of this corollary follows immediately
from a well-known result that was referred BYine (1986)to Proposition 3 oBreiman (1965)

Proof of Theorem 3.3. In case the conditions 1. and 2. Tfieorem 3.Zre replaced by the conditions,12. and
3. of Theorem 3.3the proof of(2) can be established completely analogously to the prodhebrem 3.21sing
the following three lemmas, which are the analogk@ihmas A.2—A.4respectively:

LemmaA.5. LetXandY be two independent lognormally distributed r.v." s withoy < ox.Furthermore, letV = XY
and denote by H the d.f. of V. Then 'V follows a lognormal law and F(x) = o(H(x)).
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Lemma A.6. If both F and G are lognormal laws with oG < oF, then there exists some ¢ > O such that
G(xY%) = o(F(x)).

Lemma A.7. Let F = F1 x Fo, where F1 and F» are two lognormal laws. Then F € S and
F(x) ~ F1(x) + Fa(x).

The results oLemmas A.5andA.6 can easily be verified.emma A.7is a special case of Corollary 1 @fine
(1986)and moreover is a special casd.efnma A.4of the present paper. The proof(@) can be given analogously,
since the distribution of; X; is again lognormal with Var[log( X;)] = Var[log(X;)] = 0,2(.

It remains to prové4) and(5). By application ol.emma A.land the same reasoning as in the prooflaéorem
3.1, we have foreach = 1, 2, ... and some G< v < 1 that

o Z:':l]P’((ai—l—X)H;:le >x) o P((an+X)H7:1Yj>x>
liminf = - > liminf - -
x—+00 Z?=l P ((ai + X) Hlj=1 Y; > x) x—+00 Z?=1 P ((ai + X) Hlj=1 Y; > x)
_ 1 - 1
N 1 IP’((a,-+X) Hi'=1 Yj>x) -
"~ limsup,_, =
>ini Pees 400 P((an+X) []1_, Yi>x)

1
— . =400 > 1,
n—1y (X[ ¥i>)
Zi:l lim SUPc— 400 ]P’(X Hi‘:l Y_j>vx)]P’(H’;:i+1 Y.i>1/v)

P(Fai+X) Hl,=1 Yj>x)
(an+X) Hlj:l Yj>vx)P(H’;:i+l Yj>l/v)

—1,:
Yoiqlimsup, P(

and

L (@O Yi>x)  P(@)IlY, > x)
)!mﬂgz n—1 i = I)!mﬂg n—1 i
-1 P ((aiX) [lj=1Y; > x) 2i—1 P ((a,-X) [Ij=1Y; > x)
1

- n—11: IF’((a,'X) Hi':l Yj>x)
' lim su 2k
Zz_l P 00 IF’((anX) Hj:l Yj>x)

Hence, we can prov@) and(5) by substituting2) and(3) into the left-hand-side ) and(5), respectively. This
ends the proof o heorem 3.3

Appendix B. Approximation formulas for discounted IBNR loss reserves
In the following, we provide the formulas for the calculation of the IBNR stop-loss premiums and quantiles for

the approximation methods based on comonotonicity and moment matching that were briefly described in Section
5. First, we introduce the r.W;; defined by

Wij=a;i+ B, —D@i+j—1t—1),
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with mean and variance given by
E[Wjl=ai+8;—(+j—t— D,
and
Var[Wyj] = oy, = (i +j — 1 — D&%,
respectively. For the loglinear regression model with chain-ladder linear predictor and the geometric Brownian

discounting process described in Sectipnusing the notation introduced above, the asymptotic approximations
(19)and(20) become

E[W;;] + o‘%,ij + 07, — log(d)

t t
- E[W;j]+3 (62, 402.)
B[S —d) ]~> Y e e 2, 2
i=2 j=t+2—i GW;_,- + G&ﬁf

E[ W,'j] — Iog(d)

2 2
Oy T 9%

—dd , de R+,

and

t t
Frp)~infs:> > Ful)<l-pp.  pe(0d)
i=2 j=t+2—i

in which Fy, is the lognormalf[ W;], o‘%,ij + 0821_]_) d.f. Notice that Var;;] = ogzl_j =02

&
For the convex upper bourfij‘ defined in(26) we have that

1
Fia(x) = /0 Fia () o,

and
t t 1
-~ E[Wij]+102, -1 _
E[(S" —d);] = }: Z e Wil +3 w,,/o =P ) g (aw,.j - @ 1(F3;l”,=v(d))) dv — d(1 - Fu(d)).
i=2 j=t+2—i

Here, F5u,y,_,(x) follows from

> D epEIWi] + ow,; @ H(Fruyy—, () + 0.0 1(v) = x.

i=2 j=t+2—i

Another possibility to derive the d.f. & is as follows:

1 t t
Fip@ = [ @0,z (log)—log | 3= 3= exp@lw] +ow, @) | |

i=2 j=t42—i
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The mean and the variance f to be used in the moment matching approach, are given by

t t
~ E[W;/]4+1/2(c2 2
BE1=Y Y e @
i=2 j=t4+2—i
and
t t t t
var(5,] ZZ Z Z Z ea§+(E[Wij]+E[Wk1])+1/2(0€vij+05vk,)(egzmin(i+j—t—1,k+l—t—1)+052* —1),
i=2 j=t+2—i k=2 I=t+2—k
(38)
where
2 _ o2, i j=kI
& 0, ifi, j#k,L
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